Abstract. We classify the quasi-finite irreducible highest weight modules over the infinite rank Lie superalgebras gl ∞|∞ , and , and determine the necessary and sufficient conditions for such modules to be unitarizable. The unitarizable irreducible modules are constructed in terms of Fock spaces of free quantum fields, and explicit formulae for their formal characters are also obtained by investigating Howe dualities between the infinite rank Lie superalgebras and classical Lie groups.
Introduction
Supersymmetry permeated many areas of mathematics in the last decade, producing deep results such as Seiberg-Witten theory and mirror symmetry. In most applications, supersymmetry manifests itself in concrete representations of the relevant Lie superalgebras [15] . This makes it particularly important to develop the representation theory of Lie superalgebras.
In this paper we investigate the representation theory of Lie superalgebras gl ∞|∞ and its osp-type Lie subsuperalgebras C and D (see Section 3 for their definitions).
(Aspects of B were studied in [7] .) These Lie superalgebras are a class of 1 2 Z-graded infinite rank Lie superalgebras arising from central extensions of Lie superalgebras of complex matrices of infinite size. They were featured very prominently in the study [7] of the super W 1+∞ algebra, and were shown [3] to be intimately related to affine Kac-Moody superalgebras. Both the W 1+∞ superalgebra and affine Kac-Moody superalgebras play fundamental roles in conformal filed theory and superstrings.
Recall that the infinite dimensional Lie algebra gl ∞ and its various subalgebras were extensively studied in [17, 18, 24, 25] in relation to W 1+∞ . In particular, the notion of quasi-finite modules [17] over infinite dimensional graded Lie (super)algebras were introduced. Such modules are close to finite dimensional representations of finite dimensional Lie (super)algebras in spirit. In our context, a 1 2 Z-graded Lie superalgebra will be called quasi-finite if all its homogeneous subspaces M j are finite dimensional. One of our results in the present paper is the classification of all the quasi-finite irreducible highest weight modules over gl ∞|∞ , C and D.
It is well known that the energy of a quantum system is always bounded below, and the space of the physical states admits a positive definite contravariant Hermitian form, where the latter property is required by the probabilistic interpretation of quantum theory. Therefore, the representations of Lie superalgebras potentially useful in quantum physics are unitarizable highest weight (or lowest weight) representations. Another result of the present paper is the classification of the unitarizable quasi-finite irreducible highest weight modules over gl ∞|∞ , C and D with respect to some natural C-conjugate linear anti-involutions of these Lie superalgebras.
We investigate the unitarizable irreducible quasi-finite highest weight modules in depth, obtaining a number of results in this direction. We first realize these irreducible representations on Fock spaces of free quantum fields. We then prove generalized Howe dualities between the infinite rank Lie superalgebras and certain classical Lie groups, establishing one-to-one correspondences between the unitarizable irreducible quasi-finite highest weight modules of the former with finite dimensional irreducible representations of the latter. Finally, we derive explicit formulae for the formal characters of the unitarizable quasi-finite irreducible highest weight modules over the Lie superalgebras C and D. (The formal characters of the unitarizable irreducible modules over gl ∞|∞ were obtained in [3] .)
The method used here to construct the character formulae is a generalization of that developed in [3, 8, 4 ] by using Howe dualities [13, 14] . Howe dualities for Lie superalgebras were known in the original paper of Howe [13] , and were further studied in [22, 23] and [24, 25, 20, 21, 5, 6] . Recent investigations on Howe dualities by ourselves with Cheng [8, 3] led to a thorough understanding of the Segal-Shale-Weil representations of Lie superalgebras. In [12] and [24, 25] Howe dualities were established respectively in the contexts of affine Kac-Moody algebras and infinite rank Lie algebras. The Howe dualities obtained in the present paper are generalizations of those studied by Wang in [24, 25] .
The structure of the paper is as follows. Section 2 provides some background material on generalized partitions and unitarizable modules over Lie superalgebras. Section 3 examines central extensions of the Lie superalgebra gl ∞|∞ of infinite matrices and its osp-type subalgebras, and gives the definitions of the Lie superalgebra gl ∞|∞ , and its subalgebras A, C and D. The remaining three sections constitute the main body of the paper. In Section 4, we classify the quasi-finite irreducible highest weight modules over the Lie superalgebra gl ∞|∞ , and its subalgebras A, C and D. In Section 5, we classify the unitarizable quasi-finite irreducible highest weight modules over these Lie superalgebras with respect to specific * -structures, and construct Fock space realizations of the unitarizable irreducible modules. Generalized Howe dualities between the infinite rank Lie superalgebras and classical Lie groups are also established in this section. They are used in Section 6 to derive character formulae for the unitarizable quasi-finite irreducible highest weight modules over C and D.
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Preliminaries
We work over the field C of complex numbers throughout the paper. For any vector space V , we shall denote its dual space by V * . Note that λ + is a partition, while λ − is a generalized partition of non-positive integers. Furthermore, depth of λ + + depth of (λ − ) * ≤ d, (2.1) where the depth of a partition is the number of positive integers in it. Now we will define the shifted Frobenius notation for generalized partitions (see [19] ) which will be used to describe the highest weights of unitarizable irreducible quasi-finite modules over gl ∞|∞ . Given a partition λ = (λ 1 , . . . , λ d ) of length d and rank(λ) = r > 0, we let ξ i := λ i+ 1 2 − i + 
Shifted Frobenius
The shifted Frobenius notation for the partition λ is given by
Clearly, we have 
Let g be a Lie superalgebra together with an anti-linear anti-involution ω (i.e., ω is an anti-linear map satisfying ω([x, y]) = [ω(y), ω(x)] for all x, y ∈ g. In this case, we also call ω a * -structure of g). Let M be a g-module. An Hermitian form · | · on M is said to be contravariant if xv|v = v|ω(x)v , for all x ∈ g, v, v ∈ M . When the Hermitian form · | · is positive definite, we define u := u|u for all u ∈ M . A g-module M is called unitarizable if M admits a positive definite contravariant Hermitian form. The anti-linear anti-involution ω can be naturally extended to an anti-linear anti-involution, also denoted by ω, on the universal enveloping algebra U(g) of g, making (U(g), ω) a * -superalgebra. Moreover, a gmodule M is unitarizable if and only if it is a unitarizable U(g)-module.
Lie superalgebras of infinite rank
We present here the infinite rank Lie superalgebras to be studied in this paper. Consider the infinite-dimensional complex superspace C ∞|∞ with a basis {e j | j ∈ Z} for the even subspace, and a basis {e r | r ∈ 
Note that gl ∞|∞ contains a Lie subsuperalgebra A := A 0 ⊕ A 1 with
(e r |e s ) = (e s |e r ) = δ r,−s , r ,s∈
where
We define the Lie superalgebra C := C 0 ⊕ C 1 to be the 1 2 Z-graded Lie subsuperalgebra of A preserving this form, i.e.,
|v| (v|Aw)}, = 0, 1.
Here and further |v| denotes the parity of v ∈ C ∞|∞ , namely, |v| = 0 (respectively 1) if v belongs to the even (respectively odd) homogeneous subspace of C ∞|∞ . Then C is a Lie superalgebra of type SP O. It is easy to see that the subsuperalgebra Let (·|·) be the non-degenerate supersymmetric bilinear form on C ∞|∞ defined by
(e r |e s ) = −(e s |e r ) = sgn(r)δ r,−s , r,s∈
We define the Lie superalgebra D = D 0 ⊕ D 1 to be the subsuperalgebra of A preserving this form, i.e.,
This is a Lie superalgebra of type OSP . It is easy to see that the subsuperalgebra Remark 3.1. Note that C 0 ∩ C f and D 0 ∩ D f are a direct sum of an infinite dimensional symplectic Lie algebra and an infinite dimensional orthogonal Lie algebra.
For g being gl ∞|∞ , A, C or D, we letĝ (ĝ f , respectively) denote the central extension of g (g f , respectively) by an even central element C associated with the following two-cocycle:
where J = r≤0 e rr and Str stands for the supertrace defined for a matrix 
Quasi-finite modules
In this section we give a complete classification of all the quasi-finite irreducible highest weight modules over the Lie superalgebras discussed in Section 3. 2 +Z g j . We assume that g 0 is abelian. We have the triangular decomposition 
there is a non-zero vector v ξ ∈ M satisfying the following conditions: We recall the following criterion for quasi-finite highest weight modules. 
When M λ = 0, λ is called a weight of M , and M λ is called the weight space of weight λ. We let P (M ) denote the set of all weights of M . A graded g-module
As all the infinite rank Lie superalgebras in Section 3 are 
The following result will be important for the classification of quasi-finite modules. In particular,ĝ −p v 0 is finite dimensional for all p ≤ r.
Proof. We will only prove the proposition in the caseĝ = gl ∞|∞ , as the other cases are all very much the same. Fixing a transcendental real number π, we let w i = j∈ 1 2 Z π 2ij e j+r,j , for each i ∈ N, which belong to ( gl ∞|∞ ) −r . For any 
We shall prove the proposition by contradiction. Assume that there exists p ∈ 1 2 Z + with p < r such that ( gl ∞|∞ ) −p,q v 0 = 0, for all q ∈ N. Then we can find y := |j|≥N a j e j+p,j ∈ ( gl ∞|∞ ) −p,N such that yv 0 = 0. We claim that corresponding to each such y, there exits a u = j∈
Indeed if we choose an element u with the coefficients b j , −N − 2r < j < N + r, given by
and the b j for j ≤ −N − 2r or j ≥ N + r given recursively by 
Proof. The proofs for all the cases are very similar, thus we shall consider only gl ∞|∞ . It clearly follows from Proposition 4.2 that (i) implies (ii), and (ii) implies (iii). Now we show that (iii) implies (i). Assume that ξ = |j|≤N 0 , j∈
Then by Theorem 4.1, it is sufficient to show that for all r ∈ 1 2 Z + , there exists N ∈ N such that ( gl ∞|∞ ) −r,N v ξ = 0. We shall prove it by induction. It is obviously true for r = 0 and we assume that it is also true for all p ∈
Remark 4.1. Let gl ∞ be the the Z-graded Lie subalgebra
of gl ∞|∞ , which inherits a natural Z-gradation from gl ∞|∞ . Then all the results in this section can be restricted to the non-super case, leading to descriptions and classifications of the irreducible quasi-finite highest weight modules over gl ∞ and its Z-graded subalgebras. For example, we have the following theorem. 
where Λ 0 , ω i , i ∈ Z are the fundamental weights of gl ∞ .
Unitarizable representations and their free field realizations
In this section we study in depth the quasi-finite irreducible highest weight modules over gl ∞|∞ , A, C and D, which are unitarizable with respect to natural choices of * -structures for these Lie superalgebras. The main results obtained are the following: (1) the classification of the unitarizable quasi-finite irreducible highest weight modules over the Lie superalgebras gl ∞|∞ , A, C and D; (2) realizations of these irreducible modules on Fock spaces; and (3) generalized Howe dualities between these infinite rank Lie superalgebras and classical Lie algebras. The generalized Howe dualities will provide the principal tool for constructing character formulae for the unitarizable quasi-finite irreducible highest weight modules in the next section. 
where the operators ψ +,i n and γ +,i r satisfy the usual (anti-)commutation relations with the non-trivial ones being given by
Denote by A d the associative superalgebra generated by these operators. We shall take the operators ψ 
where i, j ∈ Z and r, s ∈ 1 2 + Z. Hereafter :: denotes normal ordering with respect to the vacuum |0 . There also exists an action of gl d on F d , which is given by the formula
: γ
.
we have the shifted Frobenius notation (see Section 2.1)
We identify Λ(λ) with an element of the dual space (
The following result is the ( gl ∞|∞ , gl d )-duality of [7] . 
where λ runs over all generalized partitions of length d.
Free field realizations of A and (
This time we take the following free fermions ψ ±,i (z) and free symplectic bosons γ
where the non-trivial anti-commutation relations are still of the form (5.1). Let 
and an action of
For j ∈ N, we define the d × d matrices X −j by
and γ , ξ
We have the following result, which is analogous to the ( gl ∞|∞ , gl d )-duality of [7] . 
where λ runs over all generalized partitions of length d. Furthermore, the following vector
is a joint highest weight vector of the λ-component.
5.3.
Free field realizations of C and ( C, Sp(2d))-duality. Let us first recall some facts about the complex symplectic group Sp(2d) (see, e.g., [2, 10, 11] ), which we take to be the subgroup of GL(2d) preserving the non-degenerate skew-symmetric bilinear form on C 2d given by
Denote by e ij the 2d × 2d matrix units. Then h := 1≤i≤d C(e ii − e d+i,d+i ) is a Cartan subalgebra, while b := i≤j≤d C(e ij − e j+d,i+d ) + i≤j C(e i,j+d + e j+d,i ) is the standard Borel subalgebra containing h. Let h i = e ii − e d+i,d+i .
We write an element λ ∈ h : γ 
Let λ be a partition of length d. Then the vector
is a highest weight vector of the Lie superalgebra C with highest weight Λ C (λ) and it is also a highest weight vector of Sp(2d). By using similar arguments as in [7] (see also [24] , [3] ), we have the following theorem. 
where the summation is over all partitions of length d. Futhermore, the vector 
Denote by so(2d) the Lie algebra of O(2d).
is the standard Borel subalgebra containing h.
Write an element λ ∈ h
denote the irreducible highest weight so(2d)-module with highest weight λ ∈ h * defined with respect to the standard Borel subalgebra. Then V λ so(2d) is finite dimensional if and only if License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
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We may associate Young diagrams λ of length 2d to these integral highest weights of O(2d) as follows (cf. [14] ). For 
Next consider the case when k = 2d + 1 is odd, where the orthogonal group O(2d+1) is defined with respect to the following non-degenerate symmetric bilinear form on
Denote by so(2d + 1) the Lie algebra of O(2d + 1 Write an element λ ∈ h 
Note that the matrix X j is obtained from X j by replacing its last column by (γ
−j ). For 0 ≤ r ≤ d and i > 0, we let X i r denote the first r × r minor of the matrix X i .
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We define the 2d × 2d matrix Γ as follows:
For r > d, we let Γ r denote the first r × r minor of the matrix Γ. 
By using similar arguments as in [7] (see also [24] , [3] ) and the explicit construction of the joint highest weight vectors of D and SO(2d), we have the following theorem. 
where the summation is over all partitions of length 2d with λ 1 + λ 2 ≤ 2d. Furthermore, the following vectors are D × so(2d) highest weight vectors: are generated by the operatorsẽ rs just described. We define the (2d + 1) × (2d + 1) matrix Γ as follows:
Free field realizations of D and ( D,
For r ∈ Z + , we let Γ r denote the first r × r minor of the matrix Γ. 
where the summation is over all partitions of length 2d + 1 with λ 1 + λ 2 ≤ 2d + 1. −r admits a * -structure
Furthermore, a joint highest weight vector of the λ-component with respect to D × SO(2d + 1) is given by
Γ λ 1 · X 2 λ 2 · · · X λ 1 λ λ 1 |0 .
Unitarizable modules over gl
for all m ∈ Z, r ∈ Proof. In the "particle number basis" for the Fock space, the lemma can be confirmed by a straightforward calculation, details of which are omitted here. However, see Remark 5.1 below.
Remark 5.1. If we remove all the minus signs from (5.19), we still obtain a * -structure for A d . In fact, this is the usual conjugation rule for symplectic bosons adopted in the physics literature. However, it is quite well known that the Fock space of symplectic bosons is not unitarizable with respect to the usual conjugation rule.
The anti-linear anti-involution ω on A d gives an anti-linear anti-involution ω on gl ∞|∞ defined by 
such that d ∈ Z + , −s, r ∈ N and ξ j ∈ Z for all j satisfying the following conditions: 
Proof. We already know that for any generalized partition λ, the gl ∞|∞ -module L( gl ∞|∞ , Λ(λ)) is unitarizable. Now we show that if M is a unitarizable irreducible quasi-finite highest weight gl ∞|∞ -module with the highest weight ξ, then ξ = Λ(λ) for some generalized partition λ. Let ·|· be a positive definite contravariant Hermitian form on M and v ξ a highest weight vector of M such that v ξ |v ξ = 1. We put ξ(e ii ) = ξ i for all i ∈ 1 2 Z. By Theorem 4.2, there exists N ∈ N such that ξ = |j|≤N, j∈
, e i,i+1 , e i+1,i } forms a standard basis for the Lie algebra sl(2, C) and ω(e i,i+1 ) = e i+1,i . Unitarizability of M with respect to this subalgebra requires (see, e.g., Theorem 11.7 in [16] 
Since M is a quasi-finite highest weight gl ∞|∞ -module, we have ξ i ∈ Z + for all i ∈ N and
Similarly, we have ξ i ∈ Z + for all i ∈ 
It is sufficient to show that 
= ξ 0 = 0. Now we choose a large positive integer n such that ξ(e n,n ) = ξ(e −n,−n ) = 0. Consider the subalgebra sl(2, C) spanned by {e −n,−n − e n,n + C, e −n,n , e n,−n }. Note that ω(e −n,n ) = e n,−n . Using the standard trick on unitarizable modules again, we have d = ξ(C) = ξ(e −n,−n − e n,n + C) ∈ Z + . Finally, we need to show min{ξ such that d ∈ Z + , r ∈ N and ξ j ∈ Z for all j satisfying the following conditions: 
where l 1,2 is a function from non-negative integers to itself with l 1,2 (0) = 0, l 1,2 (1) = 1 and l 1,2 (x) = 2 if x ≥ 2.
Proof. We only need to prove the "only if" part of the theorem. Let ·|· be a positive definite contravariant Hermitian form on M and v ξ a highest weight vector of M such that v ξ |v ξ = 1. We put ξ(ẽ i,i ) = ξ i for all i ∈ 
Moreover, ξ r− = ξ 1 = 0. Now we choose a large positive integer n such that ξ(ẽ n,n ) = ξ(ẽ n+1,n+1 ) = 0. Consider the subalgebra sl(2, C) with the standard basis {2C −ẽ n,n −ẽ n+1,n+1 , 
Therefore, we haveẽ 2,−1ẽ2, 3 2ẽ 1,
Therefore, we have ξ 1
+ ξ 2 + 3 ≤ 2k and the proof is completed.
Recall that in [24] Wang showed that there is a gl ∞ × gl d duality on the subspace of the Fock space F d generated by the fermionic operators. By modifying the arguments in the proof of Theorem 5.6 we can show the following theorem. 
Character formulas for unitarizable irreducible modules
In this section we derive explicit formulae for the formal characters of the unitarizable quasi-finite irreducible highest weight modules over the infinite rank Lie algebras C and D. The method employed here is a generalization of that developed in [3, 8, 4] , which makes essential use of Howe dualities. We mention that the character formulae for the unitarizable irreducible modules over gl ∞|∞ (and hence A) were obtained in [3] . 6.1. Character formula for C. The main result of this subsection is Theorem 6.1, which gives the character formula for the unitarizable quasi-finite irreducible highest weight C-modules. In order to establish the result, we need some basic facts on characters of the symplectic group (see [10] , [13] , [14] ), which we now recall.
When we deal with characters of sp(2m)-modules, we let 
By the (Sp(2d), sp(2m))-duality on the exterior algebra Λ(C 2d ⊗C m ) with m ≥ d ( [13] , [14] , also see [8] ), we have the following identity:
Here λ runs over all partitions of length d with λ 1 ≤ m, and for any k ∈ N, (1 k ) stands for the k-tuple (1, 1, · · · , 1) . Note that the partition λ is considered as a partition of length m and λ −d (1 m ) is a decreasing sequence of non-positive integers of length m.
We let
where E r is the r-th elementary symmetric polynomial for r ≥ 0 and E r = 0 for r < 0. For any partition µ of length l (which is an arbitrary positive integer), we define
m )|, the determinant of the l × l matrix whose i-th row is
Then the character of the irreducible sp(2m 
On the other hand, for each r ∈ Z,
For r ∈ Z, we define E r := E r − E r−2 with
Then we have
Hence for each partition λ of length d, (
sp(2m) (x) equals the determinant of the d × d matrix whose i-th row is 
is defined by the determinant of the d × d matrix whose i-th row is
Thus we haveχ
Hence we can rewrite the combinatorial formula (6.1) as follows:
Here λ runs over all partitions of length d with λ 1 ≤ m. Now, for every partition λ of length d, we still use
to denote the symplectic Schur function of weight d of infinitely many variables, which is the determinant of the d × d matrix whose i-th row is 
For any given partition λ of length d, we let
denote the skew symplectic Schur function of weight d of infinitely many variables, which is defined by the determinant of the d × d matrix whose i-th row is
whereH r :=H r −H r−2 and
Here H i (x 1 , x 2 , · · · ) are the complete symmetric functions of infinitely many variables. Note that (
is the character of some infinite dimensional unitarizable module over the Lie algebra so(2m).
Corresponding to each partition λ of length d, we define the symplectic hook Schur function (in analogy with hook Schur functions (see [1] and [3] )),
of weight d in infinitely many variables by
where σ is the involution of the ring of symmetric functions (see for example [19] ), which sends the elementary symmetric functions of y j 's to the complete symmetric functions of y j 's. Recall that the hook Schur function (cf. [3] )
is a symmetric function of the variables x and the variables y separably where λ is a partition. Hereafter, S λ stands for the Schur function associated with the partition λ. Then we have
The symplectic hook Schur function can be written in terms of hook Schur functions as follows. 
Proof. Let σ denote the involution of the ring of symmetric functions, which sends the elementary symmetric functions of variables y to the complete symmetric functions of variables y. The proposition follows by applying the involution σ to the determinant of the following d × d matrix whose i-th row is (6.4) where λ runs over all partitions of length d, and
where λ runs over all partitions of length d.
Proof. The first identity follows from (6.3) by putting m → ∞. The second identity can be obtained from the first by applying the involution of the ring of symmetric functions, which sends the elementary symmetric functions of x j 's to the complete symmetric functions of x j 's. 
Proof. By Proposition 6.2, we have
where λ runs over all partitions of length d. The proposition follows by applying to both sides of equation (6.6) the involution of the ring of symmetric functions, which sends the elementary symmetric functions of y to the complete symmetric functions of y.
We need the following lemma to prove the main result of this subsection.
Lemma 6.1 ([8]). Suppose that f
λ (x) and g λ (x) are power series in the variables x and suppose that
where λ runs over all partitions of length Proof. By Proposition 6.2, we have
where µ and ν run over all partitions of length d. On the other hand,
where the summation is over all partitions of length d. Thus
where λ, µ and ν run over all partitions of length d. Therefore, we have
where λ, µ and ν run over all partitions of length d. Now the proposition follows from (6.7), Proposition 6.3 and Lemma 6.1. Now we turn to the formal characters of unitarizable irreducible C-modules. We have the following result. 
Proof. One can easily show that the formal character of F d 0 with respect to the abelian algebra s∈
By Proposition 6.3 we can rewrite (6.8) as
where λ runs over all partitions of length d. On the other hand, Theorem 5.3 implies that (6.10) chF
where λ runs over all partitions of length d. Using (6.10) and (6.9) together with Lemma 6.1 we obtain the claimed result for the character of the irreducible Cmodule L( C, Λ C (λ)).
6.2.
Character formula for D. We shall need results on formal characters of finite dimensional representations of the orthogonal group (see [10] , [13] , [14] ), which we now recall. When dealing with characters of so(2m)-modules, we let z i := e i where i ∈ h * such that i (h j ) = δ ij (see Section 5.4). We defineh i := −h m−i+1 and
. When considering characters of O(n)-modules, we put z i = e i with i ∈ h * such that i (h j ) = i (e jj − e d+j,d+j ) = δ ij for n = 2d, and i (h j ) = i (e jj − e d+j+1,d+j+1 ) = δ ij for n = 2d + 1. When we deal with characters of D-modules, for j ∈ N, r ∈ Given a finite sequence of complex numbers λ = (
For each partition λ of length n and each sequence of complex numbers ν of length m, we write By the classical (so(2m), O(n))-duality on the exterior algebra Λ(C n ⊗ C m ) with m ≥ n ( [13] , [14] , also see [8] ), we have the following identities for n = 2d and n = 2d + 1 respectively: where E r is the r-th elementary symmetric polynomial for r ≥ 0 and E r = 0 for r < 0 (see Section 6.1). For each partition µ of length l, we let |E µ | denote the determinant of the l × l matrix with i-th row 
and , y) ), where θ is the involution of the ring of symmetric functions sending the elementary symmetric functions of y j 's to the complete symmetric functions of y j 's.
By using (6.13), (6.14) and similar arguments as in Section 6.1, we can prove the following two propositions. We need the following results to prove Theorem 6.2. 
